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MMP Learning Seminar .

Week 44 :

contents :

• Birational automorphisms .

• Dcc of volumes .

• Birational} boundedness
.



Birational automorphisms of varieties of general type :

Hawn - Mckernan -Xu , 2012 .

Theorem 1.1 : If n is a positive integer , then there

exists a constant cent such that the birational automorphism

group of a general type variety ✗ of trmension n

has at most ccn ) - Kol CX , 16×1 elements.

Hurwitz : IGI £ 84cg -11 .

Xiao : S smooth
prog of yen type .

16-1<-422 not Cksl .

Theorem 1.4 .
(DCC of volumes ) : Fix he 2,1 >o .

D the set of global quotient IX.G) where X is a pro

variety of timeworn n .

Cal .

The set { uolcx , 18×1-4 ) I IX.d)ED } satisfies the Dcc.

Further ,
there are constants ,

S> o and M of if IX.d) c-D.

2nd 16×+4 is big . Then :

(2) V01 (X, Kx +d) 38 and

(3) § Masao, birational .



Log BirationalY Bounded Varieties :

A set of pairs
⑥ is said to be log brrabon.ly bombed

if there exists CZ
.
B) a pan with B retired

,
and a

projective morphism 2-→ T where 1- is at frmte types
such that for every

IX.4) c-D. there exists a cheat point
tot and a birational map if : Zt - - → ✗ such that

supp
Bt contains the support of E.✗ (f) it f-¥4 .

Lemma 2.3.2 : 0/0 : X - - → IBN defined by IDI .

and assume
its birational onto its

image 2- . Then

Vol CD ) > deg Z .
In particular , Vol CD ) > 1

Proof : •Assume 0/0 is a morphism, Z is non - degenerate of
degree set . From the inclusion of Clpncsllz- ②✗ CDI .

we conclude Vol (D) is V01 (Opnct ) /z ) = tag 2- as .

☐
.



Example ( small volume ) :

Def me to -1 and run - rncrnts )
.

Let

IX.d) = ( pin , £ Hot 3-Hit f- Hat . - it m!÷ Hmu )

Ho , - - - Hna are general hyperplanes .
We have that CX ,4) c-D ,

Vol CX , Kita )=
1-

'

Vn%

Theorem 1.8 ( Deformation invariance of plunyenera ) :
Te :X→ T projective morphism of smooth varieties .

IX.d) log canonical and one over

T.CH
. Assume IX.d) KIT and either Kx+4 or

Lt
is by

MD is integral , then hocks llxtlmckxttdt ))) is

independent of tot .

G) ko txt . krxrtlt ) is independent of tot .

(3) Vol (Xt
,
kxtt It) is independent of t←T .



Theorem 1.9 ( DCC of volumes on brr bounded ) :

Fix a set [ C- [oil which satisfies the Dcc

let ⑥ be a set of six pairs
which is brabonath bounded

.

so that for every
Exit )oD , coeffct ) C- L

Then the set of Holmes { v01 CX , kxtdllcx.LI c-D}
.

satisfies the Dcc



Ideas of the proof 11.41 .

Tackle Thm a.at using
similar ideas to AS

.

We will try to find a bar boosted family which the same

volumes that appear on C1-41 .

IX.d) ED (X' id
' ) which is bi rationally bounded .

✗ bounded family .

I
T Cle) invariance of plungerem

CX:D' ) are birational to a single variety CZ . B) .

No id:) , . . . fi : ✗ i → Z -

Kx ; + Di = f- it ( Kz + ☒ it + Eo Ei = for di EB

Ei = Eit - Ei
in

toes not
affect undone

Use theory of b- divisors & toroidal blow -ops to prove that

211 these volumes computation can be performed in a single 2-
'

→ Z
.



From 11.4 ) to 11.11 .

Y has dimension n
G-agone

G- = Dirty ) , Y - -→ Y
'

, G- = Auto ' )
.

Replace Y with a G- equivariant resolution Y
'

.

Now , we assume G- = Aorta ) and T is smooth

Y- X - YIG , ✗ td is big .

V01 ( Yake ) = 16-1 llolcxikxtd ) 3 1Gt Sn

1- Not CY.be )
.IGI £ Sn

÷



Potentially Birational :

✗ normal projective , D by Ch - Cartier , say c-✗ verygeneral
assume we can find 0£ due Cl -EID for some oceans

.

where CXKI ) is not hello aty & Cxid ) is lo at x
isolated.

and {x} is an

"

log canonical center . Then , we say
that

D is potentially birational
.

Lemma 2.3.4 : ✗ normal g.p variety of Jim n . D by on X.

(1) D is potentially birational → §k×+ to is birational
.

G) Xp is birational → Gentil LD) is potentially bir
(3) ¢1s is birational → ✗ k✗+C2nrnD is brr

In particular , kitten + 1)D is by .

Theorem 3.2.5 : [✗ id ) Nlt
,
(✗it +40 ) to around x &

non - rltaty , 11 non - klt center which contain x .

H ample with Holck , Hly ) > 2k"
,
where A- dink.
-

There exists
, H~o.LI , 30 , oeai £1, so that

(X , It dodo taille ) is around x and non - hello 21-1
and a non- alt center that contains x his tin - * .



Theorem 2.3.6 : (✗ id ) tilt pair ,
where X bar Jim n .

H ample , 7031 such that Vol CX, % HI > n
"

.

Eso
'

with the following property :

{÷:::::÷÷:÷:÷÷÷:÷÷÷÷.

is lo at x and V is a minimal to center contouring so Then

Then MH is potentially birational
,

where m=2Y. City )
" -1

7- 2h /E.

Idea : Descending induction on to
.

Claim : There exists Lloyd H with 1£ As 2yd lty )
" ""

with IX. It do ) Ic at a non - kltaty and

2 non - klt center 11 of Jim Ek contains x .



Properties of bi rationally bounded families :

Lemmon 2.4.2 : £ , ] are claves of varieties Cor pairs )

of dimension R
.

(1) 2€ bir bonded
, b- TEY , Y is birational to ✗ c- * .

Then I is fir bounded .

(2) t ✗ c- 2€ , there exists D Werl with 8D birational and

Kol CD) £11 . then 2£ is fir bounded
.

G) 2£ is hg brr bonded , V-CY.de ) c-I , there exists

IX.4) c- 2£ with f- :X -- → T birational map at .

I contain fxi'd -c and Excfl . Then J is

log birationally bounded.

411 . It is log bir bounded {✗ 11×1<130-83 is fir bounded .

G) CX.LI ) c- 2- ,
there exists a Weil D , with XD:X -→ It!

11

birational onto its image sit
. Kxtmckxtd )

Is / if G- - Ex CGI ' ) red + 0/0*4 red .

then G- - H " " E V2
.
where It is the ample defined by b.

Then 2£ is birational
, log bounded.



Bi rationally bounded
pairs :

Theorem 3.1 : Fix n, Acs > o .
The set of log pair

IX.d) satisfying the following conditions:

G) X is prqecbve of t.mn ,
cat CX.LI ) is Ic

,

(3)

coeffdzf.catthere exists me 24ns with Volk
, mckxtdl.CA and

↳ I ✗ kxtmlhxtd ) is birational
.

Is log birational} bounded .



Lemmon 3.2: ✗ normal
pro; of

Jim n .

µ bpf Cartier and 01m is birational
.

Set H-zccnts.IM

If Disarm of distinct
prime

dinars
,
then

D. Hh
- '

E 2h not CX
.
k×tD&H ).

Proof : IX.D) log smooth . comp of D disjoint

No component of D is contained in the exceptional of cfm

M~oA+B
,

Kx +0+813 is Jlt for Sas .

= - -

Hi (Nxt E + pm )=o , pao , in OEEED
.

(2) of (2.3-4) . imply that Kx +☐ + H=iA , is big , so it

has an ample motel

② cm ) = h°( ✗ c0×C2mAa ))
.

Set Am _-KxtDtmH , so Hi ( Diop (Am ))=o.

Pcm ) = hills , ①☐ CAM )) is a polynomial on m
.

@ p

Leading terms : D- Hh
- i

ZYx&Dtt
)

¥



1- c- Holzman - Am ) toes not vanish on components of D.

We have a commutative diagram :

HoC- J→ HE-)

0→ ②✗ CAM-D)→ ④ CAMI → ②☐
Atm )→o

l l I
①→ ✗ (2mA ,

-D)→ OxGmA , ) → ②☐CamA.)→ o

hi §
is in the msye of
the verbal map

Pcm) E holy
, Ox Czm A , )) - hoc ✗cancan Ai -DX

.

Pcm ) £ ② Cm) - Olm -1 )

1. !

Oicm ) .
☐ .



Theorem 3.1 : Fix n, Acs > o .
The set of log pair

IX.d) satisfying the following conditions:

G) X is prqecbve of t.mn ,
cat CX.LI ) is Ic

,

(3)

coeffdzf.catthere exists me
'
Zhao with Vola

, mckxtdl.lt and

↳ I ✗ kxtmlhxtd ) is birational
.

Is log birational} bounded .

Proof : §= §k✗+mCKx+a ) is 2 morphism ✗ Z .

thxtmlkx 1-d) I - 1Mt +E. , M -0TH .

Vol(kxtmChxtd))£kolGmÉkx&dz"
¥Éf BE llkrxtcmckxtd) ) ) / .

✗ = Max ( f- I Zczntn ) ) .
reduced

Do -- sum of comp of and B which are not contracted by § .

Do £ 2CBt< )

Comp21mn ) (16×+4)-243+4 ) no C > o . Hn-1.GL
→



G- Hm ←TE.tn?nmjn-iZ2hvolCXiHxtDot2C2n+nJM
)

£ 2
" Vol ( ✗ , (1+22 Cmtt ) ) ( ✗to ) )

E 2h ( 11-22 -Cmtn )) " Kol Ckx to )

E 23h an thot (CMH )(Kx+0 ))

I
↳ only depends on Ait and n

☐
.


